Abstract. We are devoted to the study of nonlocal Fokker-Plank equations for a class of stochastic differential equations with non-Gaussian α-stable Lévy motion in Euclidean space. More precisely, in cases of free Lévy motion and Lévy motion with Ornstein-Uhlenbeck drift, we prove that there exists a unique solution, and it is smooth in space for all 0 < α < 2.
Introduction
For a system described by a scalar stochastic differential equation with a random source denoted by X t , and a drift term given by a deterministic function f ,
the corresponding Fokker-Plank equation, for the probability density of X t , is
Both the Markov process X t and its probability density function p have been widely known and well understood when X t in equation (1.1), and A in equation (1.2) are the Gaussian process, such as the standard Bownian motion, and the differential operator, such as the usual Laplacian operator, respectively. However, many transport processes in physical, biological and social systems exhibit anomalous diffusion, resulting from non-Gaussian random sources (see [7, 12] ). It is shown in [4] that for every α ∈ (0, 2), when X t in (1.1) is the α-stable Lévy process (non-Gaussian process), then A in (1.2) is the fractional Laplacian operator (integral operator),
where C d,α is a constant depending on d and α. Equivalently, it can also be defined by the Fourier transform Imbert, and others proved in [3, 10] that for some drift terms and proper initial data, the unique global solution has certain kind of smoothness. However, the Ornstein-Uhlenbeck drift, which does not satisfy their conditions on the drift term, is excluded (see Remark 2.3 for more details). In the case of α = 1, there are still regularity results, but the proof is much harder. Finally, when α is in (0, 1), the most recent regularity result is for the case of f (x) ≡ 0(see Remark 2.4 for more details).
In an upcoming paper, we are going to show the existence of smooth solutions to equation (1.2) with general unbounded f (x), such as the double-well drift when f (x) = x − x 3 . Moreover, not too much is known to the boundary value problem of the nonlocal Fokker-Planck equation, but in [9] , the authors show the existence of a unique global solution in a weaker sense.
Regularity results for nonlocal Fokker-Plank equations
Through our this section, we will consider equation (1.2) with A being the fractional Laplacian operator (defined in (1.3)) on R d . First, we consider the case of free Lévy motion,
Suppose that p(t, x) is the fundamental solution to (2.1), then the solution of (2.1) can be denoted as
We show that the solution of (2.1) defined as in (2.2) is smooth in the following theorem.
2) is the solution to (2.1). Furthermore, for T > 0 or T = ∞, we have
Remark 2.2. The conditions of the initial data u 0 are natural. Suppose the solution u(t, x) is considered as the density of a particle at position x and time t, u 0 is then the probability profile of its initial position, e.g., Gaussian (u 0 (x) = [5] ). Second, we consider the nonlocal Fokker-Plank equation with the Ornstein-Uhlenbeck drift f (x) = −x,
Suppose that p(t, x) is the fundamental solution to (2.4), then the solution of (2.4) can be denoted as
To overcome the difficulties due to the unbounded function f (x), we apply the following relation (see [6, 8, 11] )
where p and p are the fundamental solutions of (2.3) and (2.4), respectively. Thanks to (2.6), the solution of (2.4) has the same regularity as that of (2.1), as shown in the following theorem.
Remark 2.3. When 1 < α < 2, the fractional Laplacian operator was proved to have certain smoothing effect. For example, the author in [3, Theorem 1.1] showed that the solution is To prove Theorem 2.1, the following properties of p(t, x) are essential (see [1, 2, 3, 10] for more details).
• for any t > 0,
• for t > 0, x, y ∈ R d , x = y, the sharp estimate of p(t, x) is p(t, x, y) ≈ min t |x − y| d+α , t −d/α ; (2.9)
• for t > 0, x, y ∈ R d , x = y, the estimate of the first order derivative of p(t, x) is
The notation f (x) ≈ g(x) means that there is a number 0 < C < ∞ independent of x, i.e. a constant, such that for every x we have
The estimate (2.9) for the fundamental solution p(t, x) plays a key role to get the regularity results. And the estimate (2.10) for the first order derivative of p(t, x) was derived in [1, Lemma 5] . More generally, we apply the similar idea as in the derivation of (2.10), and get the estimate of the m-th order derivative of p(t, x) by induction. Proof. By (2.9), it is equivalently to show that for any
, and p(t, x), p (k) (t, x (k) ) are the probability density functions in the corresponding state spaces. Then we prove (2.12) by induction. First, by (2.9) and (2.10), (2.12) holds in the cases of m = 0, and m = 1, respectively. Second, suppose (2.12) is true for m = 2k, that is
be the Gaussian kernel, and η(t, u) be the density function of the α/2-stable subordinator at time t, which has the following properties for all u > 0,
, by the subordination formula (see [2] ), we have
Then by the mean value theorem and dominate convergence theorem, it is not hard to see that
Together with (2.13) and (2.14), we have for m = 2k + 1,
Hence, (2.12) follows. By (2.9), the proof is concluded.
Proof of Theorem 2.1.
for t > 0, p(t, ·) * u 0 is well-defined. By the Yong's inequality for the convolution in (2.2), we have
By the smoothness of p(t, x, y), to show (2.3), it is sufficient to show that
Indeed, by Lemma 2.1, we have
, the theorem of continuity under the integral sign gives (2.3).
Second, we show that u(t, x) defined in (2.2) is the unique solution to (2.1). It is easily to see that u(t, x) = ( p * u 0 )(x) satisfies the equation in (2.1) for x ∈ R d and t ∈ (0, T ). And the uniqueness follows automatically from the Fourier Transform. In fact, it can be seen that the solution to (2.1) is
Hence, to finalize the proof, we only need to show that for x 0 at which u 0 (x) is continuous, we have
In the second term, we have |y − x 0 | > δ. Hence
Thus |y − x| ≥ 
